We present a numerical study of the interaction quench dynamics in a superfluid ultracold Fermi gas confined in a three-dimensional cigar-shaped harmonic trap. In the present paper we investigate the amplitude mode of the superfluid order parameter after interaction quenches which start deep in the BCS phase and end in the BCS-BEC crossover regime. To this end, we exploit the Bogoliubovde Gennes formalism which takes the confinement potential explicitly into account and provides a microscopic fully coherent description of the system. We find an anharmonic nonlinear oscillation of the modulus of the superfluid order parameter, i.e., of the Higgs mode. This oscillation persists for large times with only a small amplitude modulation being visible. We connect the frequency and the mean value of this oscillation with the breaking of Cooper pairs in the superfluid phase. Additionally, we demonstrate that the occurrence of this persistent oscillation is connected to the onset of chaotic dynamics in our model. Finally, we calculate an interaction quench phase diagram of the Higgs mode for quenches on the BCS side of the BCS-BEC crossover and discuss its properties as a function of the aspect ratio of the cigar-shaped trap.
I. INTRODUCTION
Exploring collective excitations of quantum manybody systems provides key insights in order to gain a deeper understanding of the quantum nature of such systems. The nature of such collective excitations changes dramatically in the context of a spontaneously broken continuous symmetry like the U(1) symmetry present in solid state physics, i.e., in superconducting and superfluid systems, as well as in the standard model of particle physics [1, 2] . The spontaneous symmetry breaking (SSB) of the U(1) symmetry leads to the emergence of two fundamental collective modes: the massive (Higgs) amplitude mode and the massless (Goldstone) phase mode [2] [3] [4] . These collective modes are important probes of the many-body system. Ultracold Fermi gases provide an ideal testbed to investigate the collective modes of superfluid systems, because they ensure a very high controllability of most relevant system parameters [5, 6] . Using a Feshbach resonance [7] the interactions in an ultracold Fermi gas can be tuned. A weak attractive interaction leads to a Bardeen Cooper Schrieffer (BCS) superfluid state and in the case of a strong attractive interaction the fermionic constituents form dimers which condensate in a Bose-Einstein condensate (BEC). Those two regimes are connected by the continuous BCS-BEC crossover [8] . With this control of the interaction an excitation of the system may be evoked by changing the interaction strength instantaneously, i.e., on a time scale much faster than the characteristic time scales of the dynamics. Such an interaction quench can be exploited to obtain direct access to the collective modes of the system. The experimental implementation, however, remains challenging. It has been proposed to be done either by a radio-frequency (RF) flip of one spin state of the superfluid to another spin state (cf. [9] ), which exhibits a different interaction strength due to the Feshbach resonance, or an optical control of a Feshbach resonance [10] .
Evidence of the Higgs mode has been found in various condensed matter and quantum gas systems, namely in charge density wave compounds [11] [12] [13] [14] [15] [16] and materials [17] [18] [19] , in NbN, Nb 1−x Ti x N, and NbSe 2 superconductors [20] [21] [22] [23] [24] [25] , in quantum antiferromagnets [26] [27] [28] , in the superfluid 3 He [29, 30] , and in an ultracold bosonic gas in a 2D optical lattice [31, 32] . However, a time-resolved detection of the non-adiabatic regime in the Higgs mode, as has been predicted [33, 34] and achieved in a superconducting samples [20] [21] [22] , has not been reported so far for ultracold Fermi gases. Nevertheless, there are numerous theoretical studies devoted to the Higgs mode in ultracold Fermi gases and various superconducting systems .
The topics covered in these studies include: (i) a damped oscillation of the order parameter [35] , (ii) the dynamical vanishing of the order parameter [36, 37] , (iii) relaxation and persistent oscillations of the order parameter [37] [38] [39] , (iv) spectroscopic signatures of nonequilibrium pairing in fermionic condensates [40] , (v) collective excitations in confined systems [41] [42] [43] [44] [45] [46] and in a 2D system [47] , (vi) an entire quantum quench phase diagram of the superfluid condensate [48, 49] , (vii) collective modes in strongly disordered superconductors [50] , (viii) the Higgs mechanism and the stability of the BCS mean-field theory in the weak coupling limit [51] , (ix) the influence of phonon-mediated interactions [52] , (x) the Higgs mode in a moving condensate [53] , (xi) collective modes in a two-band BCS superconductor [54] , and (xii) the modes in the FFLO state [55] [56] [57] [58] .
The general picture which emerges from the theory work is that the perturbation of a 3D system of interacting Fermions leads to a variety of dynamical phases with properties quite distinct from the equilibrium ones. A classification of the nonequilibrium behavior arising from different excitations of the BCS state has been established for a three-dimensional homogeneous Fermi gas by calculating a quantum quench phase diagram, which has revealed three distinct phases [48] . In "phase I" the superfluid order parameter vanishes dynamically [36, 37, 48] , in "phase II" a damped oscillation with an t −1/2 behavior was found [35, 48] , and "phase III" is characterized by a persistent oscillation with a constant amplitude [37] [38] [39] 48] . Furthermore, studies in nanostructured superconducting BCS systems where quantum confinement may strongly influence the superconducting pairing [59] [60] [61] [62] [63] [64] [65] show an alteration of the damping in phase II depending on the geometry [42, 43] while in an inhomogeneous Fermi gas with a harmonic confinement in one dimension and a box potential in the other two dimensions the homogeneous behavior has been confirmed [44] .
In our previous articles, we have studied the dynamical phases I and II for a Fermi gas in a three dimensional harmonic trap and we have found a confinement-induced fragmentation of the Higgs mode in phase II [45] and an alteration of the dynamical vanishing in phase I due to the confinement [46] . In this paper, we continue investigating the impact of the confinement potential on the Higgs mode of a superfluid order parameter and present a numerical study of the dynamical phase III as well as a quench phase diagram in a cigar-shaped ultracold Fermi gas with a harmonic confinement.
The paper is organized as follows: Section II introduces the model system and we will briefly sketch the used Bogoliubov-de Gennes formalism. In section III we will analyze the persistent dynamics for interaction quenches starting deep in the BCS phase and ending in the BCS-BEC crossover regime. Finally, in Sec. IV we discuss the interaction quench phase diagram of an inhomogeneous Fermi gas on the BCS side of the BCS-BEC crossover. Here, we focus on the dependence on the aspect ratio of our cigar-shaped harmonic trap. In Sec. V we provide a brief summary of the results obtained in the paper.
II. THEORETICAL MODEL
In our model we consider an ultracold Fermi gas composed of fermionic 6 Li atoms in two different internal spin states (labeled by ↑ and ↓) with a balanced population, i.e., N ↑ = N ↓ = N/2. We choose a cigarshaped harmonic confinement potential with an aspect ratio r = f ⊥ /f 1 where f ⊥ (f ) is the radial (longitudinal) trap frequency. Further, we assume an attractive interaction between Fermions of different spins with zero range such that its strength can be characterized by a single parameter, the so-called scattering length a. This is commonly done for s-wave scattering processes in ultracold gases and results in an effective contact potential V int = (4π a/m 0 ) δ(r) = g δ(r), where m 0 is the mass of 6 Li. Our treatment here is restricted to negative scattering lengths, i.e., to the BCS side of the BCS-BEC crossover. We aim at describing the superfluid phase which evolves in such an ultracold Fermi gas by means of the Bogoliubov-de Gennes (BdG) formalism.
In the following, we will sketch the formalism shortly, for a detailed discussion we refer the reader to Refs. [45, 66, 67] . We start from the usual Hamiltonian for a contact interaction written in terms of the field operators. Then, we introduce the superfluid order parameter by applying a BCS-like mean-field approximation which yields the BdG Hamiltonian
where H 0 is the one-particle Hamiltonian including the kinetic energy of the bare atoms and the confinement potential. Then, the superfluid order parameter is defined by
Here, Ψ σ (r) is a field operator annihilating an atom with spin σ at position r. In order to diagonalize the Hamiltonian in Eq. (1) and obtain the ground-state order parameter of the system we introduce Bogoliubov's quasiparticles:
The indices a/b result from the two spin species and u n (r) and v n (r) are the eigenfunctions of the corresponding eigenvalue problem of the Hamiltonian in Eq. (1), the so-called BdG equation. Exploiting Anderson's approximation, which only considers pairing in time reversed states [68] , we obtain the BdG eigenenergies E n = ε 2 n + ∆ 2 n , where ε n are the eigenenergies of the atoms in the trap and ∆ n = n|∆(r)|n . Here, we use ∆(r) = n u n (r)v n (r) and the eigenstates of the confinement potential |m . From the solution of the BdG equation we obtain the well-known self-consistency equations for the order parameter and the chemical potential µ where the latter is determined by a given particle number N . We regularize and solve the obtained self-consistency equations numerically for T = 0 K which yields the BdG eigenenergies and eigenfunctions. Here, the numerical cutoff is chosen such that all states with energies up to twice the Fermi energy E F are considered. By inverting Bogoliubov's transformation we obtain ∆(r) according to Eq. (2).
In order to excite a non-equilibrium state of the system we consider an instantaneous change, i.e., a quench, of the scattering length a i → a f . We assume that the change of the scattering length takes place on a time scale much faster than typical system reaction times. Thus, the density n(r) = Ψ † ↑ Ψ ↑ + Ψ † ↓ Ψ ↓ immediately after the quench is the same as before, i.e., the system is in a non-equilibrium state with respect to the new interaction strength. In order to evaluate the subsequent dynamics it is convenient to express the ground state of the initial system in terms of the eigenfunctions corresponding to the final ground state. This yields occupations x ml = γ † ma γ la = γ † mb γ lb and coherences
of the density matrix instantaneously after the quench. However, an interaction quench does only introduce excitations which are diagonal, i.e., x ml =: x m δ ml and y ml =: y m δ ml . These excitations provide the initial values for our non-adiabatic dynamics.
In the next step, we make use of Heisenberg's equation of motion and obtain coupled ordinary differential equations for the occupations and coherences. We solve these equations numerically and finally invert Bogoliubov's transformation in order to obtain the superfluid order parameter
in terms of the occupations and coherences. This formalism provides the coherent quantum mechanical dynamics of an ultracold Fermi gas confined in a cigar-shaped harmonic trap in mean-field approximation.
III. PERSISTENT OSCILLATIONS IN THE INTERACTION QUENCH DYNAMICS
In this section we will investigate interaction quenches which start in the BCS regime [ 
Here, we follow the usual characterization of the coupling strength of the system in terms of 1/(k F a), where we obtain k F = (2m 0 E F )/ 2 from the Fermi energy E F by the dispersion relation of free atoms. In the following we will discuss the spatiotemporal dynamics of the order parameter ∆(r, t) of an ultracold Fermi gas after such a quench.
In Fig. 1 we show the spatiotemporal dynamics of the order parameter after an interaction quench starting from an initial coupling of 1/(k F a i ) = −2.0 to a final coupling of 1/(k f a f ) = −0.5. We choose an aspect ratio of r = 20 with f = 120 Hz. Furthermore, to ensure the comparability of the different systems considered in this paper we choose a constant system parameter s = E F /(hf ⊥ ) = 5.5 for all calculations with h being Plank's constant. This parameter characterizes the band structure which results from the cigar-shaped trap and the value of s = 5.5 is chosen such that the system size is small enough for a systematic numerical analysis and at the same time the quantum-size oscillations occurring for small systems are avoided [69] . In such a case the results can easily be scaled to a larger system size by making use of the scaling relations which we discussed in Ref. [46] . Furthermore, the parameters chosen here are exemplary for strong quenches from the BCS regime towards the BCS-BEC crossover, as we will see later from the phase diagrams in Sec. IV.
Figure 1 (a) shows the order parameter instantaneously after the quench at t = 0 τ trap , i.e., the excitations introduced by the quench are already included. The striped distribution of ∆(r) -which is typical for the BCS regime-corresponds to the order parameter of the initial system scaled by a factor of a f /a i . In the subsequent dynamics in Fig. 1 (b) we observe an increase of the order parameter which affects the whole trap and which finds its maximum at t = 0.043 τ trap shown in Fig. 1 (c) . This rise in the order parameter is symmetrical with respect to the trap center and the striped structure in the initial distribution transforms into a monotonic distribution with a maximum in the center of the trap. This spatial distribution is characteristic in the BCS-BEC crossover regime and results from the order parameter in the ground state of the final system. Figure 1 (d) shows the succeeding minimum at t = 0.083 τ trap . Here, again the whole trap is affected and the order parameter is slightly larger than in the initial frame while it recovers its striped structure. 
Fourier transform Overall, we find an oscillation that affects the whole trap while the spatial distribution of the gap oscillates between the distribution given by the ground states of the initial and of the final system, respectively. Hence, in this case the modulus of the spatially averaged order parameter correctly provides all information necessary, i.e., the frequency and amplitude of the oscillation for a detailed investigation. Hence, we introduce the spatially averaged order parameter
where we set the volume to V = ( /(m 0 π))
The time evolution of the modulus of the spatially averaged order parameter ∆(t) is shown in Fig. 2 (a) normalized to the spatially averaged order parameter in the initial system ∆ i . We find an oscillation around the mean value ∆ ∞ (black dashed line) which is reduced compared to the ground state value of the final system ∆ f (solid red line). After a small initial damping the oscillation persists for several τ trap . Only a modulation of the amplitude is visible, opposed to the homogeneous case where the persistent oscillation features a constant amplitude [38, 48] .
By investigating the Fourier transform of the order parameter we observe that the persistent oscillation shows a pronounced nonlinear character: In Fig. 2 (b) we show the Fourier spectrum of ∆(t) which shows one dominant feature at f Higgs = 14.2 · (2f ) being smaller than twice the smallest Bogoliubov eigenenergies 2E min /h = 22 · (2f ) (red crosses). In contrast, in the linear case the spectrum is composed of a series of peaks given by twice the quasiparticle energies. This leads to linear dephasing dynamics of the Higgs mode which break down after τ trap [45] . Hence, the absence of the break down in the persistent oscillation is a consequence of the nonlinear character. Additionally, we observe a further contribution in the spectrum around 28.5 · (2f ), which corresponds to the second harmonic of the dominant frequency, indicating that the oscillation of ∆(t) is anharmonic. In order to illustrate this, we depict in Fig. 2 (c) the phase space of the oscillation, i.e., d/dt(∆) vs. ∆, each being normalized to their corresponding maximum value. In this phase space we find a trajectory which is egg-shaped. This demonstrates the anharmonic character of the oscillation in accordance with what has been found in phase III in the homogeneous system [48] .
Summarizing, we observe an anharmonic nonlinear oscillation that persists after τ trap where the amplitude is modulated. In the next step, we will investigate the origin of the frequency of the oscillation and of the reduction of the mean value in more detail and we will demonstrate that those two are interconnected.
An excitation of Bogoliubov quasiparticles in the BCS phase reduces the modulus of the order parameter [70] . This can be understood by considering that the population of Bogoliubov's quasiparticles x k corresponds to the breaking of Cooper pairs. Bearing in mind that |∆(r)| 2 is proportional to the Cooper pair density [71] it becomes apparent that such an excitation also reduces the modulus of the spatially averaged order parameter ∆ which sets the mean value of the oscillation. Furthermore, from dynamical studies in homogeneous systems it is known that the frequency of the Higgs mode, i.e., the oscillation frequencies of the modulus of the order parameter, is determined by the mean value of the modulus of the order parameter itself [33, 34, 48] . Hence, a reduction of ∆ due to excitations leads on the one hand to a reduction of the mean value ∆ ∞ and on the other hand it implies a reduction of f Higgs . Indeed, from our numerical data we do not only extract that this is the case. We also find that the reduction of f Higgs is approximately given by the reduction of ∆ ∞ for all investigated quenches as we exemplary show in Fig. 3 . Figure 3 shows the frequency of the Higgs mode f Higgs normalized to twice the smallest BdG quasiparticle energy 2E min (blue circles) for r = 20, and ∆ ∞ /∆ f for r = 20 (blue boxes) and r = 50 (orange crosses) as a function of 1/(k F a i ), i.e., of the quench strength. Here, we choose the remaining parameters identical to Fig. 1 & Fig. 2 . We choose the normalization such that both quantities (f Higgs and ∆ ∞ ) are normalized to the value they take in the case of a linear dynamics induced by a weak quench. Both quantities in Fig. 3 decrease in the same nonlinear fashion when increasing the quench strength, i.e., when choosing a smaller initial coupling 1/(k F a i ).
From our data we confirm that this close interconnection between f Higgs and ∆ ∞ applies for all considered quenches and aspect ratios. This clearly shows a connection between both quantities. Furthermore, comparing ∆ ∞ /∆ f for r = 20 and r = 50 in Fig. 3 reveals that the decrease with increasing quench strength is independent of the aspect ratio r. In accordance to our preceding discussion, the reduction of ∆ ∞ /∆ f is controlled by the initial quasiparticle occupations introduced at the time of the quench, which is confirmed by the numerical data. These initial quasiparticle occupations only depend on the quench strength but not on the aspect ratio r in the case of a constant system parameter s. Overall, we have demonstrated that the decrease of f Higgs and ∆ ∞ with increasing quench strength in the inhomogeneous system is caused by the breaking of Cooper pairs due to the creation of quasiparticle occupations. These excitations are introduced by the interaction quench and their occupation increases with the quench strength [46] which leads to the observed reduction of f Higgs and ∆ ∞ . In the next step, we will analyze the nonlinear nature of the oscillation further and we will show that our model system shows a chaotic signature when entering phase III of the quench dynamics.
In order to test whether the dynamics of the system is chaotic we introduce a small perturbation and calculate the difference between the perturbed and unperturbed trajectory in phase space, which is in this case defined by the occupations and coherences. To this end, we add a randomized perturbation η 
Ly . The parameters are identical to Fig. 1 & Fig. 2 .
turbed initial values and we obtain the perturbed initial values
In the next step, we calculate the resulting trajectory z := z (x 1 , . . . , x Nc , y 1 , . . . , y Nc ) together with the unperturbed trajectory z := z(x 1 , . . . , x Nc , y 1 , . . . , y Nc ). Here, N c is the number of states in the calculation set by the numerical cutoff. In order to measure the difference between these two trajectories in phase space we use the norm [72] 
For our numerical calculation, we choose all perturbations η
x/y k to be within the same order of magnitude and we ensure that the initial relative distance in phase space is small, i.e., z − z / z < ∼ 10 −8 . With this choice we ensure that the numerical errors per time step in our calculations are kept at least five orders of magnitude smaller than the perturbation which provides reliable data.
In Fig. 4 we illustrate the temporal evolution of the logarithm of the relative difference in phase space ln( z − z / z ) between the two trajectories. We find that ln( z − z / z ) oscillates with an underlying linear increase for t < 55 τ trap which saturates for larger times. The saturation sets in at ln( z − z / z ) ≈ 1 which corresponds to a situation where the difference in phase space is equal to the norm of the trajectory itself. Such a behavior is commonly considered as the signature of systems which exhibit chaos. In this case the exponent of the exponential increase of z − z / z is the so-called first Lyapunov exponent x (1) Ly which determines the behavior of the systems dynamics. We extract the Lyapunov exponent from the linear fit shown in Fig. 4 as x BCS-BEC crossover region, i.e., the dynamical phase III. After the quench we observe an anharmonic nonlinear oscillation where both the frequency and the mean value are reduced due to the breaking of Cooper pairs which is induced by the excitation of quasiparticles at the time of the quench. Furthermore, we find that the dynamics in the BdG formalism after such a quench shows a clear signature of chaos. Having analyzed phase III in detail here and previously "phase II" in Ref. [45] and "phase I" in Ref. [46] , we will in the following complete the picture by discussing the whole quench phase diagram for an inhomogeneous system. The following analysis is similar to what has been done for a homogeneous system in the thermodynamic limes [48] .
IV. QUENCH PHASE DIAGRAM
In this section we will consider all types of interaction quenches possible on the BCS side of the BCS-BEC crossover which yields a dynamical quench phase diagram for an inhomogeneous ultracold Fermi gas. Further, we will discuss the effect of the aspect ratio r on the phase diagram. However, before we analyze this feature of the phase diagram we will locate the different phases in the phase diagram and we will briefly recall the characteristics of the two phases which have been analyzed in detail in previous publications, i.e., phase I [46] and phase II [45] . Figure 5 shows the interaction quench phase diagram for four different aspect ratios r = 20, 30, 40 and 50. Here, we depict ∆ ∞ /∆ f which shows a distinct characteristic for each phase. We choose a longitudinal trap frequency of f = 120 Hz and keep the system parameter s = 5.5 fixed in all systems. Together with a given r, 1/(k F a i ) and 1/(k F a f ) this determines all remaining parameters.
Around the diagonal in each frame of Fig. 5 , i.e., for weak quenches in both directions, we find that ∆ ∞ /∆ ≈ 1 which corresponds to the linear dynamics of "phase II". Here, the Higgs mode of the order parameter shows a damped oscillation which breaks down at τ trap due to the dephasing of the linearly coupled occupations and coherences of the quasiparticle density matrix [45] .
In the lower right corner of the phase diagram (marked as I) we depict quenches from the BCS-BEC crossover regime to the deep BCS regime. These interaction quenches lead to an initial exponential decay and a consecutive dynamical vanishing of the modulus of the order parameter, i.e., the evolution of a flat plateau with an almost vanishing average value. This vanishing is characterized by a small value of ∆ ∞ /∆ f . The onset of the dynamical vanishing was found to depend crucially on the smallest quasiparticle energy of the final system E min = Min k (E k ) which determines both the initial decay constant and the visibility of a plateau in the dynamics of ∆(t) [46] . One aspect that has not been discussed previously is the increase of ∆ ∞ /∆ f for very large quenches, visible by the slightly darker area in the lowest right corner. In this case, the strong interaction quench excites an oscillation with the transverse confinement frequency f ⊥ on top of the plateau. This oscillation then prevents the modulus of the order parameter to vanish further and, thus, leads to the observed increase of ∆ ∞ /∆ f in the phase diagram.
Finally, in the upper left corner of the interaction quench phase diagrams in Fig. 5 (a)-(d) we find phase III which has been discussed in Sec. III and is identified by a smooth reduction of ∆ ∞ /∆ f , as we have discussed above. We have found, that the reduction of ∆ ∞ /∆ is induced by the breaking of Cooper pairs at the time of the quench, which is independent of the aspect ratio r. With this characterization, we will now discuss the de-pendency of the quench dynamics on the aspect ratio by means of the obtained phase diagrams.
Comparing the four phase diagrams in Fig. 5 we observe that phase II around the diagonal and phase III in the upper left corner of the dynamical phase diagram remain essentially unchanged when changing the aspect ratio. This is expected, since we found that the breaking of Cooper pairs by quasiparticle excitations at the time of the quench leads to the observed reduction of ∆ ∞ /∆ f . However, the amount of excitations induced only depends on the quench strength and not on the aspect ratio r in the case of a constant system parameter s, as discussed above.
In contrast, investigating the lower right corner of the dynamical phase diagram, i.e., phase I, there are changes in the transition visible. In the phase diagram for r = 20 in Fig. 5 (a) a darker blue-green area is visible at the transition between phase I and phase II for 1/(k F a f ) ≤ −1.5. In comparison to the phase diagram for larger aspect ratios we observe that the darker blue-green stripe, which starts at the quench from 1/(k F a i ) = −1.0 to 1/(k F a f ) = −1.6 for r = 20 and extends parallel to the diagonal, moves towards smaller effective interaction strength in the final system until it is not visible any more in the dynamical phase diagram for r = 50. The observed shift results from an increase of E min with on the one hand the aspect ratio r and on the other hand the interaction strength in the final system 1/(k F a f ): The feature we observe in the phase diagram, i.e., the darker blue-green area, occurs for an identical E min and quench strength for all aspect ratio r. Therefore, it shifts towards smaller effective interaction strength with an increasing aspect ratio r in order to account for the increase of E min with r. This shift takes place in accordance with the dependence of the onset of the dynamical vanishing order parameter we have previously found for phase I [46] . In addition, an analogue effect leads to the darkening blue-green feature for the quench from 1/(k F a i ) = −0.3 to 1/(k F a f ) = −1.0 with an increasing aspect ratio.
Furthermore, we observe that the slightly darker area in the far lower right corner of the phase diagram fades with an increasing aspect ratio. We understand this in terms of the oscillation with f ⊥ on top of the plateau: since f ⊥ is increased with the aspect ratio a stronger quench is necessary in order to excite the additional oscillation with the trap frequency. Hence, this oscillations becomes less pronounced with an increasing aspect ratio.
In order to highlight the dependence of the dynamical phase diagram on the aspect ratio r, we depict ∆ ∞ /∆ f vs. the aspect ratio r for three exemplary quenches in Fig. 6 . The first quench from 1/(k F a i ) = −1.5 to 1/(k F a f ) = −0.7 (red diamonds), which is located in the transition regime between phase II and phase III, clearly demonstrates that ∆ ∞ /∆ f is independent of the aspect ratio r in the transition between phases II and III as discussed in Sec. III.
The two other quenches in Fig. 6 are taken from the transition region between phase I and phase II. second quench from 1/(k F a i ) = −1.1 to 1/(k F a f ) = −1.7 (blue dots) we find a jump in ∆/∆ f at r = 30, which corresponds to a shift of the onset of the dynamical vanishing to larger quench strengths with increasing aspect ratio. The same holds true for the third quench from
However, here the jump of ∆ ∞ /∆ f at r = 42 is smaller and the shift as a function of the aspect ratio is less pronounced due to the larger effective interaction strength 1/(k F a f ) = −1.0, which leads to an exponentially larger E min . The observed behavior for both quenches is in full agreement with our previously published result of a shift in the transition quench strength to phase I with 1/E min where we found that E min ∼ r [46] . In a last step, we will further investigate the chaotic signature of the dynamics in the obtained dynamical phase diagram. To this end, we will discuss the phase diagram of the first Lyapunov exponent x (1) Ly which reflects the most unstable mode in the entire system. The analysis is carried out for a system with an aspect ratio of r = 20, which is exemplary for all other aspect ratios. Figure 7 shows the phase diagram of the first Lyapunov exponent calculated by the numerical procedure presented in Sec. III. We find x (1) Ly = 0 around the diagonal and in the lower right and lower left corner of the phase diagram. Furthermore, we observe two regions where the Lyapunov exponent takes a finite value: A stripe in the lower right part of the diagram and an extended region in the upper left corner. In the latter region the Lyapunov exponent increases with an increasing coupling strength in the final system 1/(k F a f ) while the dependence on the quench strength is nonmonotonic.
Comparing the results for x (1) Ly to the phase diagram of ∆ ∞ /∆ for r = 20 in Fig. 5 (a) yields a good agreement between the area of phase III and a finite and positive Lyapunov exponent. Hence, we confirm that the emergence of the dynamical phase III is indeed connected to a chaotic signature of the dynamics, which occurs if both Ly for r = 20 in units of 1/τtrap. Due to our numerical implementation we cannot expect x (1) Ly to vanish identically. Instead, we see a very slow increase of ln( z − z / z ) even for small quenches which is not linear and saturates at values ln( z − z / z ) < −15. In these cases we set x (1) Ly = 0 since the characteristic of a chaotic system is not fulfilled.
the quench strength and the final coupling strength are sufficiently large.
Furthermore, from comparing Fig. 7 to Fig. 5 (a) we obtain that the stripe-shaped region with a finite Lyapunov exponent corresponds to the transition regime between phase I and phase II. Here, we find a comparable situation as before: The quench strength, i.e., the distance to the diagonal (black line) is similar as for the onset of the chaos in phase III and the final coupling is still fairly large. As discussed above, this leads to a chaotic behavior of the system. Whereas, going deeper into phase I the coupling strength in the final system decreases and the dynamics is dominated by a dynamically vanishing order parameter, which is still nonlinear but does not show a chaotic signature due to the small coupling strength in the final system. Overall, we have obtained the dynamical phase diagram for an inhomogeneous Fermi gas after an interaction quench. We find three distinct phases, in agreement with the phases obtained in a homogeneous system in the thermodynamic limit [48] . We have analyzed the occurrence of each phase in dependence of the aspect ratio r. We demonstrated that phase III and phase II are unaffected by the aspect ratio for a constant system parameter s. Further, we have discussed the changes in the onset of phase I in dependence on the aspect ratio, which agrees with our previously published results [46] . Overall, we have found that the three-dimensional harmonic confinement alters the onset of the dynamical vanishing in phase I, leads to a breakdown of the damped oscillation in phase II, and introduces an amplitude modulation in phase III. Additionally, we have observed that the dynamics of phase III as well as in the transition region between phase I and phase II is connected to a chaotic behavior of the utilized BdG formalism.
V. CONCLUSION
In the current paper, we have analyzed the interaction quench dynamics of an ultracold Fermi gas quenched from the BCS regime to the BCS-BEC crossover regime. In the Higgs mode of the superfluid order parameter, we observe a nonlinear persistent oscillation with a small modulation of the amplitude. We have demonstrated that the frequency and the mean value of the oscillation are closely interconnected: Both are reduced simultaneously by the excitation of quasiparticles at the time of the quench which breaks Cooper pairs of the superfluid phase. These excitations are initially introduced at the time of the quench and hence they increase with increasing quench strength while they are independent of the aspect ratio for the case of a constant system parameter s. Furthermore, we have numerically demonstrated that the occurrence of the persistent oscillation is connected with a finite Lyapunov exponent of the dynamics which clearly reveals the chaotic signature of the dynamics in phase III in the BdG model.
In Sec. IV we have presented an interaction quench phase diagram of the Higgs mode for an ultracold Fermi gas confined in an harmonic trap. We observe three phases in accordance with the quench phase diagram in a homogeneous system [48] . For weak quenches of either direction we find damped oscillations dominated by linearly coupled oscillators which break down at t trap . We observe that the location of phase II in the phase diagram around the diagonal is independent of the aspect ratio. For strong quenches ending in the deep BCS regime we find a dynamical vanishing of the order parameter. The onset of phase I is controlled by the ground-state properties of the system, i.e., by E min , which is reflected in the dependence of the dynamical phase diagram on the aspect ratio. Finally, for large quenches towards the BCS-BEC crossover we find persistent nonlinear oscillations which are connected to a reduction of ∆ ∞ /∆ f . The latter has been found to be independent of the aspect ratio. Therefore, the dynamical phase III as well as the transition between phase II and phase III is unaffected by a change of the aspect ratio as we have demonstrated in the dynamical phase diagram.
